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Proof of Unit Load Method
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Application of Unit Load Method to Beam Deflection
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Deflection by Unit Load Method

e This method Is applicable to beam and rigid frame
where only flexural effect is considered.

e In the analysis, the effect of axial force and shear forces
are neglected.

® The deflection at any point can be find out by:
A I-I:Vh—ntl\

Where, M = Bending moment at the section due to the external forces
m = Bending moment at the section due to unit loading
E = Modulus of Elasticity
| = Moment of Inertia of the section
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Q1. Determine the deflection at the free end of the over hanging beam shown
In Figure by unit load method.
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Figure 1. Beam with unit load at ‘C’
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® Find out the reactions due to external forces, taking moment about A

My 0, pives
Ryx 6 ~d5 ¥ § x4
Ry~ 240 kN
21 =0, gives
Ry =45 x 8§ - 240 = 120 kN
® Find out the reactions, when unit load acting at ‘C’

| %8

Ry = —— = 1,333 kN
{

Ra=0333kN L

® Taking sagging moment as positive and hogging moment as
negative, find out the expressions for moments in various
portions of the beam due to external loading and unit force
where the deflection is to be determined in a Tabular form.
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Portion Al | I
Origin | ¢
Limit 006 0 -2
ke | 1
M 1200~ — x 450 - x 4542
7] 2 | 2
m o =0333x ' S
o _A '1.21'.',1. | 1(,
" £(120x - 22.5¢2)(- 03331 ) e j( 22.5x% )(~x)dx
= +
8 E2l, ; El,
“-(-20.:2 +3.7y° )d\' I 4
= + I 22.5¢dx
< El, El, .
i 3 47 i P
W 20x"  3.75x I [22.5x
= ~ + +
Ef,| 3 4 . Ell 4
_ 1 [ 20x6 375x6* 22.5x2°
= - + &
El,] 3 4 4
- 133
El,
Aerospace Structures
= 1—32, upward

El,




Q2. Determine the deflection and rotation at the free end of the cantilever
beam shown in Figure by unit load method. Given E = 200000 N/mm?2 and

| =12 x 106 mm?
120 kN 20 kN
; )
/] J
j 2o ‘ B Iy
2 m " 2 m —]

e Find out the deflection and rotation at the free end of the cantilever beam,
apply unit load for deflection and unit moment for rotation at the free end of

the beam as shown in Figure.
l 1 kN

—

DANNNNN
L

Figure 1: Beam with unit vertical load at ‘C’

@ Aerospace Structures




—)

| kNm

SONONNANN
=

Figure 2: Beam with unit moment at ‘C’

® The bending moment expressions can be calculated by

® M for external given load, m; for unit vertical load at ‘C’ and m, for unit
moment at ‘C’ for various portion of cantilever beam and tabulated below.

Portion CH BA
Origin C B
Limit ) 02
M ~20x [ 20 (2 + x) + 20x ]
m - ~(x + 2)
m, -] -]
{ Iy 21,
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Vertical deflectionat ‘C’=+ A = ij' dx

_ j‘(—ZOx)(—x) d”j_[;zo(z:r x)+20x](x+2)
EI,

E2I,

A 2
_ Izox dx+j(4ox+ 40) (x+2)dx

I, 2El,
3 T 40x°  120x? :

=[2°" ]+ ‘ [ L +80x]

3 B | 28,| 3 2 :
= 23388 . ey g

B, EI,
_306.67

El,
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Rotationat ‘C’= @, = j%:
0

2 2
40x +40)1
(20x) I( x +40)
) El, )" Eal,
2 2 E
[——— 20 f—] 4o [40x +40x]
BI; 2 #| 2. :
40 160
+ .
T
120 !
F




4 KN )
Q3. Determine the vertical and horizontal =~ * c ! i
deflection at the free end of the bent <= 1.5 m->t+-1.5 m |
shown In Figure by unit load method. i

Assume uniform flexural rigidity EI = 3
throughout.

2m
1 kKN
c 4 |
> z NTRNSY
C
~+B
+B
A S
TR
Figure 1: Frame with unit vertical load at ‘E’ A

@ BatoBhSivanipasa Figure 2: Frame with unit horizontal load at ‘E’ /
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® Find out the expressions in Tabular form for moment ‘M’ due to

external loads, m; due to the unit vertical load present at the free
end (Figure 1) and m, due to the unit horizontal load present at the
free end (Figure 2) of the bent.

Portion ED DC CB BA
Origin E D C B

Limit 0-15 0-15 0 -2 0-2

M 0 —20x -30 30 -10x
- X ~(1.5 + %) -3 3

m; 0 0 X ~(x+2)
Flexural Rigidity| E/ ET El El

Note: Moment carrying tension on dotted side is taken as positive
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Vertical deflection at ‘E’ = Agy

EIAEV — IMml dx

1.5 2 2
0+ | 20x(1.5+x)dx+ [ 90dx+ [ (90+30x )dx
0 0 0

'.lf(30x+ 20x* )dx+‘2[ 9de+j' (90 + 30x )dx
0 0 0

» 3718 272
[30" 4 20x } +[90x]3+[90x+302" J

2 " 3 ) i
= 56.25 + 180 + 240
= 47625
- 476.25
Apy = =
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Horizontal Deflection at ‘E’ = Agy

ElAgy = | Mm, dx

2 2 ’
0+0+ [ 30xdx-+ [ (30+10x)( x+2)dx

[15x2]: +‘2[ (105 +50x+60) dx
0

2 2
60+ 10" + 50X 2—+60x
3 2 A
= 306.67

306.67
El
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20 kN/m
Q4. Determine the  vertical AALMABT
deflections at A and C in the frame |~2m -
shown in Figure by unit load { | 2m
method. Take E = 200 GPa, | = ‘ §
150 x 104 mmA. §34 1
im - C
LEN ' 90'kN
l , B
e .
|~—2 m ——» \ E
| é
3 Y
Figure 1: Frame with unit vertical lod at ‘4’ | kN

BaBhSivnipasa Figure 2: Frame with unit vertical load at ‘C’
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/ ® The bending moment expressions for ‘M’ due to given load, m; due to unit N
vertical load at A and m, due to unit vertical load at C are Tabulated below.

Portion AB BC CD
Origin A B ¢
Limit 0-2 0-2 0 =3
M 1
Ox? 40 40 -130x

m; X 2

2 -x
s 0 0

-X
Flexural Rigidity El El :

E]

————

Vertical deflection at A= Ap

1) 2 3
EIA, = bflOr rdr+j80¢ix+j (40-130x)(2-x)dx
0 0

= [10x4 2 +[80
@ Aerospace Structures 4 0 X]O + J' (80 =300x+ l 30x2 )d):
& :




3
10(2* o130x°
( )+xo(:)+ ROy - 300‘2 vz

()
= 260

E = 240 GPa =240 x 10? N/m?

I=150 x 10* mm*= 150 x 10* x 101> m*

=150 x 10 m*
A
% = ‘,'60 o, = 7222 x 10 m
240x10" x150x10™

= (.722 mm
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Vertical Deflection at C = A,

EIA.,
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1 %W

£

J- Mm, dx

3

0+0+ [ (40-130x)(—x)dx
0

(—40x +130x° ) dix

3
) .\'3
=20x° +1 30——-]
3

0

990
240%10° x150%10 ~®

=275 x 10% m

= 2.75 mm
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