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UNIT V- FLOW FIELD ANALYSIS AND TURBULENCE MODELS

Two-equation Turbulence Models
3.1 The Modelled " Equation

An exact equation for the dissipation can be derived fromtheNavier-Stokes equation (see, for
instance,Wilcox [49]). However, the number of unknown terms is very large and they involve
double correlations of fluctuating velocities, and gradients of fluctuating velocities and
pressure. It is better to derive an € equation based on physical reasoning. In the exact equation
for ¢ the production term includes, as in the k equation, turbulent quantities and and velocity
gradients. If we choose to include uiuj and ~Ui,j in the production term and only turbulent
quantities in the dissipation term, we take, glancing at the k equation (Eq. 2.38)

P = —rrgl%(r_‘-}__j+ﬁj_,i) U j (3.1)
)
diss.term = —ceop—.

Note that for the production term we have F. = cq1(c/k)FP,. Now we can
write the transport equation for the dissipation as

£

B, ! £, _ o o
(pUje) i = [(;! - iy—t) c‘__j] 7 (ce1Pr — csope) (3.2)
WJ b

For boundary-layer flow Eq. 3.2 reads

(2 & ¢ T s [a gl - OTT 2 2
opUsz  OpVe d [t \ Oc g AU EX o o
— L T . o — pco— (3.3
or * oy Ay K a- ] Oy + el kﬂt dy P ke (3.3)
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Wall Functions

The naturalway to treatwall boundaries is tomake the grid sufficiently fine so that the sharp
gradients prevailing there are resolved. Often, when computing complex three-dimensional
flow, that requires too much computer resources. An alternative is to assume that the flow near
the wall behaves like a fully developed turbulent boundary layer and prescribe boundary
conditions employing wall functions. The assumption that the flow near the wall has the
characteristics of a that in a boundary layer if often not true at all. However, given a maximum
number of nodes that we can afford to use in a computation, it is often preferable to use wall
functions which allows us to use fine grid in other regions where the gradients of the flow
variables are large. In a fully turbulent boundary layer the production term and the dissipation

term in the log-law region (30 < y* < 100) are much larger than the
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Figure 3.1: Boundary along a flat plate. Energy balance in k equation [46].

Res >~ 4400, u, /Uy =~ 0.043.
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other terms, see Fig. 3.1. The log-law we use can be written as

v _ lm(Emy) (3.4)
[ K v
E = 90 (3.5)
Comparing this with the standard form of the log-law
v Uy .
Z_Am(?q+3 (3.6)
we see that
A = -
K
(3.7)
1
B = —-hE.
K

In the log-layer we can write the modelled £ equation (see Eq. 2.39) as

au\” |
0=y (—) — pE. (3.8)
dy

where we have replaced the dissipation term pk%_*’f by pe. In the log-law
region the shear stress —pTi7 is equal to the wall shear stress 7, see Fig. 2.1.
The Boussinesq assumption for the shear stress reads (see Eq. 2.10)
au .
T = e 3.9

Tw = AT = e (3.9)

Using the definition of the wall shear stress 7, = pu?, and inserting Eq. 3.9
into Eq. 3.8 we get

w” Ur

l=——-c=—-¢ (3.10)
Vi Ut
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3.2 Wall Functions 24
which with v, = ¢, pk? /e gives
u2 2
== 3.11
o= (%) (3.11

From experiments we have that in the log-law region of a boundary layer
u?/k ~ 0.3 so that ¢, = 0.09.

When we are using wall functions k and ¢ are not solved at the nodes
adjacent to the walls. Instead they are fixed according to the theory pre-
sented above. The turbulent kinetic energy is set from Eq. 3.11, i.e.

—1/2

g (3.12)

kp=c

con-
stant

b.c. for k

where the friction velocity u, is obtained, iteratively, from the log-law (Eq. 3.4).

Index P denotes the first interior node (adjacent to the wall).

The dissipation ¢ is obtained from observing that production and dis-
sipation are in balance (see Eq. 3.8). The dissipation can thus be written
as

(3.13)

where the velocity gradient in the production term —wwdU/dy has been
computed from the log-law in Eq. 3.4, i.e.

UC (3.14)
Jy Ky

For the velocity component parallel to the wall the wall shear stress is
used as a flux boundary condition (cf. prescribing heat flux in the temper-
ature equation).

When the wall is not parallel to any velocity component, it is more con-
venient to prescribe the turbulent viscosity. The wall shear stress 7, is ob-
tained by calculating the viscosity at the node adjacent to the wall from the
log-law. The viscosity used in momentum equations is prescribed at the
nodes adjacent to the wall (index P) as follows. The shear stress at the wall
can be expressed as

ou U.p
M, p on ~ g, p———
n n

Tw =

where U p denotes the velocity parallel to the wall and 7 is the normal
distance to the wall. Using the definition of the friction velocity u.

Tw = PUy
we obtain
UH7 . 9 Uk
ft,p—"— = pUL > fit,p = T PUsT)
n Uyp

b.c. for e

b.c.
velocity

for



3.3 The k — ¢ Model 25

Substituting u./U| p with the log-law (Eq. 3.4) we finally can write

PULTE

" RE)

where nt = u,n/v.

3.3 The k — ¢ Model

In the £ — € model the modelled transport equations for k and ¢ (Egs. 2.38,
3.2) are solved. The turbulent length scale is obtained from (see Eq. 1.12,2.37)

k3/2

(=—. (3.15)

The turbulent viscosity is computed from (see Egs. 2.11, 2.36, 1.12)

k2
S cukzl/Qf = (3.16)

We have five unknown constants c,, c.1, cs2, 0} and 0., which we hope
should be universal i.e same for all types of flows. Simple flows are chosen
where the equation can be simplified and where experimental data are used
to determine the constants. The ¢, constant was determined above (Sub-
section 3.2). The k equation in the logarithmic part of a turbulent boundary
layer was studied where the convection and the diffusion term could be
neglected.

In a similar way we can find a value for the c.; constant. We look at the c.;  con-
¢ equation for the logarithmic part of a turbulent boundary layer, where the stant
convection term is negligible, and utilizing that production and dissipation
are in balance P}, = pe, we can write Eq. 3.3 as

0 |t Oe g2
= — —_— - '1
0 a9 [Ua 8y] +(ce1 —ce2)p ’ (3.17)
De

The dissipation and production term can be estimated as (see Sub-section 3.2)

k:3/2

e =
(3.18)

3

P, = p%v

RY

which together with P, = pe gives

(= ﬁc;3/4y. (3.19)
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3.4 The k£ — w Model 26

In the logarithmic layer we have that 0k/dy = 0, but from Egs. 3.18, 3.19 we
find that 0s/0y # 0. Instead the diffusion term in Eq. 3.17 can be rewritten
using Eqgs. 3.18, 3.19, 3.16 as

3/2 2,2
p.= 2 |mo( K )| = KR i . (3.20)
dy | oe Oy ke 'y o:l?c,

Inserting Eq. 3.20 and Eq. 3.18 into Eq. 3.17 gives

I{Q

Cel — Ce2 — T (321)
¢l "o
The flow behind a turbulence generating grid is a simple flow which
allows us to determine the c.o constant. Far behind the grid the velocity
gradients are very small which means that P, = 0. Furthermore V' = 0 and
the diffusion terms are negligible so that the modelled % and ¢ equations
(Egs. 2.38, 3.2) read

_ dk
hth .22
,ode pE (3.22)
_ de g2

Assuming that the decay of k is exponential k oc 7™, Eq. 3.22 gives € o
—maz~""1, Insert this in Eq. 3.22, derivate to find de/dz and insert it into
Eq. 3.23 yields

1
Cen = % (3.24)

Experimental data give m = 1.25 £ 0.06 [46], and c.o = 1.92 is chosen.

We have found three relations (Egs. 3.11, 3.21, 3.24) to determine three
of the five unknown constants. The last two constants, o}, and o, are opti-
mized by applying the model to various fundamental flows such as flow in
channel, pipes, jets, wakes, etc. The five constants are given the following
values: ¢, = 0.09, c.1 = 1.44, c.o = 1.92, 03, = 1.0, 0. = 1.31.

3.4 The k — w Model

The k£ — w model is gaining in popularity. The model was proposed by
Wilcox [48, 49, 39]. In this model the standard k equation is solved, but as a
length determining equation w is used. This quantity is often called specific
dissipation from its definition w o /k. The modelled k and w equation read

(pUjk) ; = Ku + 5—i> kaj} + P, — B wk (3.25)
k 7j
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3.5 The k£ — 7 Model 27

_ w
(pUjw) ; = [(,u + &> wd} + ¥ (cw1 Py — cwapkw) (3.26)
J

Ow
I

k .
e = P_,ezﬁfﬂk-
w

The constants are determined as in Sub-section 3.3: §* = 0.09, ¢,1 = 5/9,
Cw2 = 3/40,0¢ =2and o, = 2.
When wall functions are used k and w are prescribed as (cf. Sub-section 3.2):

kwan = (B*)71/2u2’ Wwall = (ﬁ*)71/2:_;. (327)
In regions of low turbulence when both % and ¢ go to zero, large numer-
ical problems for the k — ¢ model appear in the € equation as k£ becomes
zero. The destruction term in the ¢ equation includes g2 /k, and this causes
problems as k — 0 even if ¢ also goes to zero; they must both go to zero
at a correct rate to avoid problems, and this is often not the case. On the
contrary, no such problems appear in the w equation. If £ — 0 in the w
equation in Eq. 3.25, the turbulent diffusion term simply goes to zero. Note
that the production term in the w equation does not include k since

<an an> o0, . (an an> au;
- Cwlﬁ

axj * 8£CZ 856]' N axj * 8£CZ 8:6]'.

%Cwlpk = %Cmﬂt
The standard k£ — w model can — contrary to the standard k& — ¢ model -
be used as a low-Re number model all the way to the wall (including the
viscous sublayer). In that case, the wall boundary condition for % is simply
k = 0 and w is fixed at the wall-adjacent cells according to Eq. 4.26.
In Ref. [38] the & — w model was used to predict transitional, recirculat-
ing flow.

3.5 The k — 7 Model

One of the most recent proposals is the k£ — 7 model of Speziale et al. [42]
where the transport equation for the turbulent time scale 7 is derived. The
exact equation for 7 = k/¢ is derived from the exact k£ and € equations. The
modelled k and 7 equations read

, " k
(pUjk).; = KM + U-i) k,j] + B —p- (3.28)
k N
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3.5 The k£ — 7 Model 28

_ T k
(pUjT)J‘ - |:<,U + ﬁ) T7j:| + - |:(1 — Cel)Pk + (052 — 1)—:| (329)
09 j k T
2 fht 2 Ht
pwe = cupkt, e =k/T

The constants are: ¢, c.1 and c.o are taken from the & — € model, and o] =
071 = 079 = 1.36.
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