4 4 4 4 A 4 4 "YY 4 \ A
SNS COLLEGE OF TECHNOLOGY
(An Autonomous Institution) :
Approved by AICTE, New Delhi, Affiliated to Anna University, Chennai i
Accredited by NAAC-UGC with ‘A++’ Grade (Cycle ll) & T TIonS
Accredited by NBA (B.E - CSE, EEE, ECE, Mech & B.Tech. IT)
COIMBATORE-641 035, TAMIL NADU

a

DEPARTMENT OF AEROSPACE ENGINEERING

Dr.A.Arun Negemiya,

Faculty Name ASP/ Aero Academic Year . 2024-2025 (Even)
Year & Branch 111 AEROSPACE Semester VI
Course . 19ASB304 - Computational Fluid Dynamics for Aerospace Application

UNIT V- FLOW FIELD ANALYSIS AND TURBULENCE MODELS

Low Reynolds Number Models

In the previous section, we discussed all the functions that are used to reduce the number of
cells. However, we must be aware that this is an approximation which, if the flow near the
boundary is important, can be rather crude. In many internal flows — where all boundaries are
either walls, symmetry planes, inlets, or outlets — the boundary layer may not be that important,
as the flow field is often pressure-determined. For external flows (for example flow around
cars, ships, airplanes, etc.), however, the flow conditions in the boundaries are almost
invariably important. When we are predicting heat transfer it is in general a good idea to use
wall functions because the heat transfer at the walls is very important for the temperature field
in the whole domain.

When we choose not to use wall functions, we thus insert sufficiently many grid lines near
solid boundaries so that the boundary layer can be adequately resolved. However, when the
wall is approached the viscous effects become more important and for y+ <5 the flow is viscous
dominating, i.e. the viscous diffusion is much larger than the turbulent one (see Fig. 4.1). Thus,
the turbulence models presented so far may not be correct since fully turbulent conditions have
been assumed; this type of models are often referred to as high-Re number models. In this
section, we will discuss modifications of high-Re number models so that they can be used down
to the wall. These modified models are termed low Reynolds number models. Please note that
“high Reynolds number” and “low Reynolds number” do not refer to the global Reynolds
number (for example ReL, Rex, Rex, etc.) but here we are talking about the local turbulent
Reynolds number Rel = Ul/v formed by a turbulent fluctuation and turbulent length scale. This
Reynolds number varies throughout the computational domain and is proportional to the ratio
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of the turbulent and physical viscosity vt/v, i.e. Rel o vt/v. This ratio is 100 or more prominent

in fully turbulent flow and goes to zero when a wall is approached.
We start by studying how various quantities behave close to the wall when y — 0. Taylor

expansion of the fluctuating velocities ui (also valid for the mean velocities Ui) gives

u=ap+ a1y + r':-gyg .
v=">0by+Dy+ {ngg - (—11)

w=cy+c1y + ("gyg e

where ao. . . C2 are functions of space and time. At the wall, we have no slip, i.e.u=v=w=0

which gives ao = bo = co. Furthermore, at the wall du/ox = éw/oz = 0, and the continuity equation

gives ov/oy = 0 so that
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Figure 4.1: Flow between two parallel plates. Direct mumerical simula-
tions [24]. Re = Ugd/v = T890. u,/Us = 0.050. Energy balance in
k equation. Production P, dissipation £, turbulent diffusion (by velocity
triple correlations and pressure) DT + DP, and viscous diffusion D¥. All
terms have been scaled with uf/v.
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by = 0. Equation 4.1 can now be written

u =ay + ag’...
n
y o= bay= ... (4.2)

0
w =cy + oy...

From Eq. 4.2 we immediately get

ul = aly?. = O(y*)

w2 = b3y, = 0(y")

w2 Z:i] = 0(y?) (4.3)
T =apbaip . .. =0(y*) k

k = (@ +)... =0

o jay =77 =0(")

In Fig. 4.2 DN5-data for the fully developed flow in a channel is pre-
sented.

4.1 Low-Re k — ¢ Models

There exist a number of Low-Re number k — = models [35, 7, 10, 1, 30].
When deriving low-Re models it is common to study the behavior of the
terms when y — 0 in the exact equations and require that the correspond-
ing terms in the modelled equations behave in the same way. Let us study
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4.1 Low-Re k — ¢ Models 31
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Figure 4.2: Flow between two parallel plates. Direct numerical simula-
tions [24]. Re = Ugd/v = 7890. wu./Uc = 0.050. Fluctuating velocity

components u; = v u?;.

the exact k equation near the wall (see Eq. 2.24).

Uk  OpVE _ _ 0U opv_0 (1
ox * oy pue oy Oy 0Oy <2pvuzul>
—_———
O(ys) O(yB) (4.4)
0’k
+,u(g)—y2 MU, jU;
0@

The pressure diffusion 0pv/dy term is usually neglected, partly because it
is not measurable, and partly because close to the wall it is not important,
see Fig. 4.3 (see also [31]). The modelled equation reads

opUk _ 9pVk  (QUN? 0 ([ Ok
gr |y _Mt<3y>l+3y <0k8y>
O(y") O(y") (4.5)
0%k
+'u8—yQ_ pE
O(y°)

When arriving at that the production term is O(y*) we have used

k> Oy

Ve = CuP = = O(y%) =O0(y") (4.6)

Comparing Eqgs. 4.4 and 4.5 we find that the dissipation term in the mod-
elled equation behaves in the same way as in the exact equation when
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4.1 Low-Re k — ¢ Models 32
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Figure 4.3: Flow between two parallel plates. Direct numerical simula-
tions [24]. Re = Ugd/v = 7890. wu,/Uc = 0.050. Energy balance in k
equation. Turbulent diffusion by velocity triple correlations D’ Turbulent
diffusion by pressure DP, and viscous diffusion D¥. All terms have been
scaled with u?/v.

y — 0. However, both the modelled production and the diffusion term
are of O(y*) whereas the exact terms are of O(y?). This inconsistency of
the modelled terms can be removed by replacing the c,, constant by ¢, f,
where f, is a damping function f, so that f, = O(y~') when y — 0 and
fu — 1 when yt > 50. Please note that the term “damping term” in this
case is not correct since f, actually is augmenting 1; when y — 0 rather
than damping. However, it is common to call all low-Re number functions
for “damping functions”.

Instead of introducing a damping function f,, we can choose to solve
for a modified dissipation which is denoted ¢, see Ref. [28] and Section 4.2.

It is possible to proceed in the same way when deriving damping func-
tions for the € equation [42]. An alternative way is to study the modelled ¢
equation near the wall and keep only the terms which do not tend to zero.
From Eq. 3.3 we get

8pU5+8pV5 ZCE1EP1¢+§ He O
Ox oy k dy \o. dy
—— ) N——
o) o@EHY oW O(y?)
2, 2 (4.7)
——

where it has been assumed that the production term P, has been suitable
modified so that P, = O(y3). We find that the only term which do not
vanish at the wall are the viscous diffusion term and the dissipation term
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4.2 The Launder-Sharma Low-Re k& — ¢ Models 33

so that close to the wall the dissipation equation reads

D%e g2

0= Ma—yz - Cezp?. (48)

The equation needs to be modified since the diffusion term cannot balance
the destruction term when y — 0.

4.2 The Launder-Sharma Low-Re & — ¢ Models

There are at least a dozen different low Re k& — ¢ models presented in the
literature. Most of them can be cast in the form [35] (in boundary-layer
form, for convenience)

opUk  9pVk 0 e\ Ok ou\?
or oy oy [<M+0k> ay}jwt(@y) e (49)

OpUE 8pV€ 0 e\ O S oU
7 + oy 8y [(,u—F >a}+c1gf1k,ut<ay>

(4.10)
52
- Cszfzﬂz +F
k?2
Ht = Cufu/)? (4.11)
e=e+D (4.12)

Different models use different damping functions (f,, fi and f2) and
different extra terms (D and E). Many models solve for ¢ rather than for
¢ where D is equal to the wall value of ¢ which gives an easy boundary
condition € = 0 (see Sub-section 4.3). Other models which solve for ¢ use
no extra source in the k£ equation, i.e. D = 0.
Below we give some details for one of the most popular low-Re k — ¢
models, the Launder-Sharma model [28] which is based on the model of Launder-
Jones & Launder [23]. The model is given by Egs. 4.9, 4.10, 4.11 and 4.12 Sharma
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4.3 Boundary Condition for ¢ and € 34

where
f . —-3.4
= X _—_——
n= P\ 1 Ry /50)2
i=1
fo=1—-03exp (—R%)
2
D2 (%VE) (4.13)
Y
5okt (22U
AR
2
Ry = k—~
vE

The term E was added to match the experimental peak in £ around y+ ~
20 [23]. The f; term is introduced to mimic the final stage of decay of turbu-
lence behind a turbulence generating grid when the exponent in k oc =™
changes from m = 1.25 tom = 2.5.

4.3 Boundary Condition for ¢ and ¢

In many low-Re k — ¢ models ¢ is the dependent variable rather than ¢.
The main reason is that the boundary condition for ¢ is rather complicated.
The largest term in the k equation (see Eq. 4.4) close to the wall, are the
dissipation term and the viscous diffusion term which both are of O(y°) so
that
2
0= Mg—y]; — pe. (4.14)

From this equation we get immediately a boundary condition for ¢ as
0%k

Ewall = Va—

i (4.15)

From Eq. 4.14 we can derive alternative boundary conditions. The exact
form of the dissipation term close to the wall reads (see Eq. 2.24)

(GG

where 9/0y > 0/0x ~ 9/0z and Ou/dy ~ dw/dy > Ov/dy have been
assumed. Using Taylor expansion in Eq. 4.1 gives

c=v(ad+d)+.. (4.17)
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4.4 The Two-Layer k — ¢ Model 35

In the same way we get an expression for the turbulent kinetic energy

1 /— —

k= 3 (a% + C%) el (4.18)

so that
2
N AR Y
Comparing Eqs. 4.17 and 4.19 we find
2
Ewall = 2v (%ﬁ) . (420)

In the Sharma-Launder model this is exactly the expression for D in Eqs. 4.12
and 4.13, which means that the boundary condition for ¢ is zero, i.e. £ = 0.
In the model of Chien [8], the following boundary condition is used

k

Ewall = 27/? (421)

This is obtained by assuming a; = ¢; in Eqgs. 4.17 and 4.18 so that
€= 21/a_%
i, (4.22)
k= afy

which gives Eq. 4.21.

4.4 The Two-Layer k& — ¢ Model

Near the walls the one-equation model by Wolfshtein [51], modified by
Chen and Patel [7], is used. In this model the standard & equation is solved;
the diffusion term in the k-equation is modelled using the eddy viscosity
assumption. The turbulent length scales are prescribed as [16, 11]

ly=cm[l —exp(—R,/AL)], e =cm[l —exp(—R,/A:)]
(n is the normal distance from the wall) so that the dissipation term in the
k-equation and the turbulent viscosity are obtained as:
k:3/2
€= WA Kt = CuP\/Efu (4.23)
&€

The Reynolds number R,, and the constants are defined as

k
R, = Q, ¢ =0.09, ¢, =rc, >t A, =70, A.=2¢
14
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4.5 The low-Re & — w Model 36

The one-equation model is used near the walls (for R,, < 250), and the
standard high-Re k — ¢ in the remaining part of the flow. The matching line
could either be chosen along a pre-selected grid line, or it could be defined
as the cell where the damping function

1 —exp(—Rn/AL)

takes, e.g., the value 0.95. The matching of the one-equation model and the
k — e model does not pose any problems but gives a smooth distribution of
¢ and ¢ across the matching line.

4.5 The low-Re k£ — w Model

A model which is being used more and more is the k—w model of Wilcox [48].
The standard £ — w model can actually be used all the way to the wall with-
out any modifications [48, 32, 37]. One problem is the boundary condition
for w at walls since (see Eq. 3.26)

€

tends to infinity. In Sub-section 4.3 we derived boundary conditions for
¢ by studying the k equation close to the wall. In the same way we can
here use the w equation (Eq. 3.26) close to the wall to derive a boundary
condition for w. The largest terms in Eq. 3.26 are the viscous diffusion term
and the destruction term, i.e.

w

O*w

VTER

— Coapw?. (4.25)

The solution to this equation is

6v

Cuw2 y2

w =

(4.26)

The w equation is normally not solved close to the wall but for y*+ < 2.5,
w is computed from Eq. 4.26, and thus no boundary condition is actually
needed. This works well in finite volume methods but when finite element
methods are used w is needed at the wall. A slightly different approach
must then be used [17].

Wilcox has also proposed a k — w model [50] which is modified for vis-
cous effects, i.e. a true low-Re model with damping function. He demon-
strates that this model can predict transition and claims that it can be used
for taking the effect of surface roughness into account which later has been
confirmed [36]. A modification of this model has been proposed in [39].
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4.5 The low-Re & — w Model 37

4.5.1 The low-Re k£ — w Model of Peng et al.

The £ — w model of Peng et al. reads [39]

ok 19} 19} Ok

ot " ;Ui Fa@[(”*ak)axj]*f’k—%fk”’f

ow 0 - 0 ow w Ok Ow
o 00 =gy (v ) 5] 4 el kol vt (5052 )

k
vy = fua

fr=1—-0.722exp | —

fu=10.025 + {1—exp —

0.001
{O 975 + 7 exp

R, /2 R, 1/2
<15> ()
ek = 0.09, cu1 = 0.42, cup = 0.075

o = 0.75, 04 = 0.8, 0, = 1.35
(4.27)

, fw=1+4.3exp

fo=14+43exp

4.5.2 The low-Re &£ — w Model of Bredberg et al.
A new k—w model was recently proposed by Bredberg et al. [5] which reads

ok 0 0 ok
—‘l——(U/{?) Pk_Ckkw+a—$J|:<y+U_k> 8—56]]

ot Oz
8w 0 w
875 8:6] (U w) Cwl Epk — CUJQW + (4.28)
v v\ Ok Ow 0 v\ Ow
Co (k: * k:) Oz Ox; * Ox; [<y+ O'w> (9:6]}
The turbulent viscosity is given by
k
= Cufu
(4.29)

ol ()]
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4.5 The low-Re & — w Model 38

with the turbulent Reynolds number defined as R; = k/(wv). The constants
in the model are given as

Cp =009, C,=1, C,=11, Cu =0.49,

(4.30)
Copo=0.072, op,=1, o0,=138
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