VECTOR CALCULUS

PART A

1. If g=x2sy2+22, find ve at (1,1,-1)

Given, ¢=x2+y2+7%2 --mm-mmmmmmmmmmmmeeo 0]
There fore ve- .@ﬂa‘i’ P (i)
oy 62
H oo _, -0 , .06 _ . ____
From (i), PRIV E ik (iii)

Sub (iii) in (i), we get
Vo =1(2X) + J(2y) + k(22)
There fore, (vé)uai 1y=2+2j-2k

2. Findgrad ", where r=[| and r=xi+yj+zk
Given, r=xi+yj+zk

F‘:r:xfx2+y2+22

Diff (i) partially w.r.t ‘X’
2rg 2X
Ox
L or_x
6x r
O _Yang? -2

oy r oz r
~.gradr” =vr"

=ZTi r")
_Z 8x( )7

_1X
in 12
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3. Find the unit vector normal to the surface x2+y?-z=10 at (1,1,1).

Given ¢=x+y*-z=10
vp=iR R (%
ox oy oz
=2xT+2y]—E
S (V)ata,1,1) = 2i+2j-k
Vo|=Va+4+1=19=3
Unit normal vector ﬁ=%= 2‘+§J—k

4. Find the directional derivative of ¢=xy+yz+x at the point (1,2,3) in
the direction 3i+4j+sk.

GIVEN, ¢=xy+yz+xz ============m==mmmmmmmm- (I)
Let  n=3i+4j+5K ~-m-m-mm-mmmmmmmmmmmo (i)
Directional derivative = (vg)a --------- (A)

V¢=T%i+]%+i%

i), %_y,,-0_ , ,-0_
From (I), aX—y+z,ay—x+z,az—y+x

~Vo=(y+ z)T+ (x+ z)]+ (y+ X)E
- (V)at(1,2,3) =51+ 4]+ 3K

From (ii), we have

A =j= 37+4]+ s’k iV
n ‘ﬁ‘ 750 ( )

Sub (iii) and (iv) in (A), we get

3i+4j+ 5K
50
_15+16+15 46

52 52

Directional derivative = (v¢).A=(5i +4j+3Kk).

5. Inwhat direction from the point (1,-1,-2) is the directional derivative
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of ¢=x3%32 amaximum? What is the magnitude of this maximum?

Given, d=x%5328  mmmmmmmm oo (|)
V¢=T@+]@+E@
ox “oy 0z
N 00 _,233-00_ ,323-00_,332
From (I), 6X_3xyz ,ay_3xyz ,az_3xyz

S Vo= 3x2y3z3T+ 3x3y223]+ 3x3y322E

< (V)at(1,2,3) = 241 — 24]—12k

There fore the directional derivative is maximum in the direction
24i — 24— 12K .
Magnitude of this maximum is |ve|

= \J(24)? + (-24)2 + (-12)?
=/1296 = 36
6. Find the angle between the normal to the surface xy=z2 at the
points (1,4,2) and (-3,-3,3).
Let ¢=xy-z%2 ----------mmm-——-- (I)
.'.V¢=yT+x]—22E
Normal to the surface is v and v,¢
2 V1b=(V0)ar(1,a2) = 41+ ] -4k
Voo =(V)at(-3,-3,3) = -3i-3j-6k
= |[V10|=/33;|V 29| = /54
There fore angle between the normal to the surface is,
(V19)(V20) _ (41 +]—4K).(-3i - 3] 6k)

V19l[Vo0| J33./54

c0s0 =

7. If ¢ isascalar point function, then prove that curl (grads )=0.
grad¢= T%Jr]@JrE@

oy oz
curl grad¢ = vX [Ta¢+]a¢+ia"’}
oxX ~oy 0z
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» X

i
K
X oy oz
o o0 o

oX OX

[5)4
5 % 2% | | 2% 9% o 0% 9%
oyoz oyoz ! 0X0z 0xoz oxoy oxoy

=0

|
D Q)‘Q) -

8. If A isa constant vector, prove that div 2 = 0.
Let K = AlT+A2]+A3E
Where A, A, Azare constants

— ‘.’6 -:6 _’6 g rs -
— |i—+j—+k—[.(Ai+Arj+ A3k
(ax Jay az](1 2J+Azk)

= %+%+%3 =0+0+0
diva= 0
9. If X is a constant vector, prove that curla =0.
Let A = Aji+Aj+AK
Where A, A, Azare constants

curl A =vxa =

S Qo =~

[

o 90

ox oy

A1 Az

= | 9A3_0Ay _T[aA:a_aAl]Jrg Ay oA
oy oz oX oz ox oy

=  i(0-0)-j(0-0)+k(0-0)
curl2 = 0

10. Determine f(r) so that the vector f(r)r is solenoidal.
Since r=xi+yj+zk
f(r) = xt()i+ yf(nj+zf (kK

div [f(n)] = %[xf(r)]+%[yf(r)] +%[zf(r)]
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=f(r)+ xf’(r)%+yf'(r)%+f(r) +f(r)+ zf'(r)%

or or or
=3f(r)+f'(r)| x—+y—+z2—
(n+ ()[ 6x+y6y+ 62}

= 3f(r)+f'(r)[x5+y1+z5]
r r r

=3f(r)+f'(—r)[x2+y2+22]
r
=3f(r)+rf'(r)
Since f(r)r is solenoidal, div[f(r)r]=0
ie., sfin+ri(r) =0
f'(r) -3

f(r) r
Integrating w.r.t r, we get
log f(r) = -3logr + logc
log f(r) = log o3
f(r) = o
f(r) =

L
I.3
11.Find the value of ‘a’ so that the vector, F=(x+3y)i+(y-22)j+(x+az)k IS

Solenoidal.
Given Eis solenoidal.

div
v

T T

0
0
ie., (Taax+]:y+E;J.[(x+3y)T+(y—22)]+(x+az)E] =0

ie., g(x+3y)+£(y—22)+£(x+az)=O:>1+1+a=0:a=—2
oX oy oz

12.Show that the vector 2xyi+x2+2yz)j+(y2+1k IS irrotational.

Let F=o2xyi+(x®+2y2)j+(y? +1)Kk
A vector £ issaid to be irrotational if vxF =0

Q» X

&"Q) —

i

0

ox oz
2xy (x2 +2yz) (y2 +1)

Now, VvXF =
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: ay?+1) a(x®+2yz) | ~la(y?+1) a(2xy) R a(x*+2yz) _8(2xy)
oy 0z ! OX 0z OX oy

= iy-2y)-j(0-0)+k(2x—2x)
vXE=0

13.Show that the vector F=3y%22%i+4x322j—3x%y2k IS solenoidal.

We know that, if £ is solenoidal, we have
dive = vF

= T£+]£+_k’E .[3y4227+4x322]—3x2yzﬁ]
ox "oy oz

= % (3y422) + % (4x322) + %(—3x2y2)
= 0+0+0
~divf = 0
Hence £ is solenoidal.

14.Define the line integral.

Let F be a vector field in space and let AB be a curve
described in the sense A to B. Divide the curve AB into n elements
dry,dry, .o, dr,, .

Let /.5, ., be the values of this vector at the junction points
of the vectors dr dr,........ dr, , then the sum

B B . . .
lim >°F,dr, = [Far  is called the line integral.
nN—o0 A A

If the line integral is along the curve c then it is denoted by
[Far or fFar if c isaclosed curve.
c c

15. Evaluate [Fdr along the curve cin Xy plane, y=x* from the
c

point (1,1) to (2,8) If F=(sxy—6x)i+(2y—4%)j.
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Given F=Gxy-6x2)i+@y—4x]j , y=x3
NOW, r=xi+yj; dr=dxi+dyj
Here y=x3; dy=23x%x
J-E.dF = I[(Sxy - 6x2 )i+ (2y - 4x)]].|:dx7+ dy]]
C

I o

I[(Sxy - 6x2)dx +(2y — 4x)dy]
C

= [(5x(x3) —6x2 )dx + [(2x3 - 4x)3x2dx}

{
{

(5x4 —6X2+6x° — 12x3)dx

= 23 4x8 -3t

There fore [Far from the point (1,1) to (2,8)

2
ie., {Ed?:[x5—2x3+x6—3x4]i =35

16. Define surface integral.
An integral which is evaluated over a surface is called a

surface integral.
n . -
~ lim Y Fx.vi.zi)aas; 1S Known as the surface integral.

n—o;_q
17. Find [frds, where s is the surface of the tetrahedron whose

vertices are (0,0,0), (1,0,0), (0,1,0), (0,0,1).
By Gauss divergence theorem,

{j?.& = j\j/j(v.?)dv

vr = (T;+]:y+E;J'[XT+y]+ZE]: 1+1+1 =3
~ffrds = [ffaav =3V

18. If F=cunA, prove [[Fads=o0, for any closed surface S.

By Gauss divergence theorem,
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Lj?.ﬁds:j\ﬂv.zdv =IJIdiV(E)dV

= [[faivceur Axv=0 [since div(curl A)=0]
\%

19. Define Volume integral.
An integral which can be evaluated over a volume closed by a
surface is called a volume integral. Volume integral can be evaluated
by triple integration.

ie.,IIIf(x, y,z)dv

20. State Gauss Divergence theorem.

If £ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S is equal to the integral of
divergence of F taken over V.

ie., [[F.nas=[[[v.Fav Where n is the unit vector in the positive
S \%

normal to S.

21. Evaluate H?.ﬁds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have
Ljr.nds=j\_/”V. r dv

m[._+ 0,3 }[ 7 ﬁ“z]dv
m[a(x) a(y) a(z)}d
=m(1+1+1)dv=3mdv=3v

22.. Prove that H¢.ﬁds=IHV.ZdV
S \%
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By Gauss Divergence theorem , we have _[_[E.ﬁdg:j”v?dv
S \%

-

Let F=gc where ¢ isa constant vector. Then,

HZ? nds= ” V(4 0 )dv

Hc.(¢ n)ds=H_[c (Vé)dv

S \%

Taking ¢ outside the integrals , we get
c .U¢.nds= CIJ Vddv

HZGds=H vV ddv

S \%

23. Evaluate j' j' xdydz+ ydzdx+ zdxdy OVer the region of radius a.

” xdydz+ ydzdx + zdxdy = Iﬂ[a(x) oY) + 6;5)}dxdydz

=_[\_/[_[ (1+ 1+ 1)dxdydz
= 3]dev =3v
= 3[%7@3} =4m’

24. State Green’s theorem in the plane
If R is a closed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then
J‘de+ Ndy = ”(a—'\'—a—'\" xdy where C is travelled in the

anti-clockwise direction.
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25. Using Green’s theorem, prove that the area enclosed by a simple
closed curve C

1
IS Ej(xdy— ydx)dxdy .
Consider By Green’s theorem,

J‘de+Ndy=‘”l(%\l—%\/I XY eovenceccnss (1)
R

i 1 _ [ Xav—Ydx=[-Yax+ =
Consider 2J-(xdy ydx)dxdy—J‘Edy 2dx—j de+2dy

i _ Yoyl X
[since, m= 2,,N—2]
y X 1 1
From (1), .[‘Ed“Edy:g[E_(_EﬂdXdy

- I j dxdy=Area bounded by a closed curve ‘C’
R

26. State Stoke’s theorem.

If £ isany continuous differentiable vector function and S is a

surface enclosed by a curve C then, [Fdr = [[eurl F.nds where n is the
C S

unit normal vector at any point of S.
27.Using Stoke’s theorem, prove that [rdr=o .
c
Given, J'F.di: where r=xi+yj+zk
c

~frdr=[fcurira ds  [-- by Stoke’s theorem]
c S

=0 -scurlr = Vxr =

< Q| —
N Do =
I
o

i
o
OX

X
28. Find the constants a,b,c so that, F=(x+2y+az)i+(bx—3y—2z)j+@x+cy+2z2)k IS

irrotational.
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Given vxE=o0

i

0

o oz
X+2y+az bx-3y-z 4x+cy+2z

®» X

\%"Q) —

ie.,

=1 i(4x+cy+ 22)—i(bx—3y—z)
oy oz
<[ @ 0
—J[—(4x+cy+ 2z) - —(x+2y + az)]
ox oz

-l o 0
+k[6x(bx—3y—z)—ay(X+ZY+aZ)}=O

= i[c+1]—j[4—a]+K[b—2] = 0i + 0j + Ok

= c+1=0 4-a=0 b-2=0

29. If F-=x%i+x?], evaluate the line integral [Far from (0,0) to (1,1)

along the pathy =x.
Given F=x%i+x?% , X=Y
dx =dy
F=xity]
dF=de+dy]
F.dr = x%dx + xyzdy = x2dx -+ x3dx [~ x=y,dx=dy]

= (x2 + x3)dx

1
[Fdr = [ +x3dx = I
c 0 12

30. What is the greatest rate of increase of ¢=x? at (1,0,3).
Given ¢=xyz?
o _ =00 00

Vo=i—+j—+k—
¢ OX Jay oz

= iyz%) +i(2?) + k(2xyz)

(V)03 = i(yz%) + (%) + K(2xy2)
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The greatest rate of increase = |v¢|=+81=9 UNIts

31. Using Green’s theorem , find the area of a circle of radius r.

We know by Green’s theorem,
_1
Area = E'[(xdy—ydx)

For a circle of radius r, we have x24y2-r2
Put X=rcos0,y =rsin@
dx=-rcos0d0,dy =rsinede [ e varies from 0 to 2]

27
Area =% _[ [rcosOrcos®—rsin®(—rsin®)]de
0
27
112490 = _12[012m
_Egrde =>rilel;

Area = xr? sq.units.
32. If vo is solenoidal find v2.

Given r=xi+yj+zk IS solenoidal.
LVVH=0
But v%= v.v¢=o0

-

33. If 7=(xi+y_j)+zZJ, find Vx_r)
Given 7=(x_i)+ y_j)+zZJ
N

— T(0-0)+ ] (0-0)+k(0=0)= 0

34. Define Volume integral.
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An integral which can be evaluated over a volume closed by a
surface is called a volume integral. Volume integral can be evaluated
by triple integration. Ie.,ﬂ' f(x, y,2)dv

35. State Gauss Divergence theorem.

If £ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S is equal to the integral of

divergence of F taken over V.

ie., IIE.%ds:I-”V.Edv Where n is the unit vector in the positive
S \Y

normal to S.

36.Evaluate H?.ﬁds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have
Ljr.nds=j\_/”V. r dv
- Uﬂ?@ixﬁ%zg[xn yJeek

(x), e(y) , e(2)
=.m[aa: +6a;l +6a§ }dv

=m(1+1+1)dv=3mdv=3v

37. Prove that H¢.ﬁds =va.2dv By Gauss Divergence theorem , we have
S \%

HE.Gds:” V.EdV

S \

-

Let F=gc where ¢ isa constant vector. Then,
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HZ?.ﬁds=_mv.(¢§)dv
S \
H?.(Z n)ds = J'” S (Vh)dv
S \%

PV g e

Taking ¢ outside the integrals , we get

C.Lj¢.nds= CIJ Védv

H23d5=j vV ddv

S \%

38. Evaluate j' j' xdydz+ ydzdx + zdxdy Over the region of radius a.
S

‘[J. xdydz+ ydzdx + zdxdy:‘[\ﬂ[aé:) + 6(;;/) + 6(;2) xdydz

= j\!j(l + 1+ 1)dxdydz
= 3]dev =3v
= 3[%7@3} =47’

39. State Green’s theorem in the plane
If R isa closed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then

[ M+ Ndy=II(a—N—a—M xdy where C is travelled in the anti-
R

ox oy
clockwise direction.

40. Using Green’s theorem , prove that the area enclosed by a simple
closed curve C
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IS %I(xdy— ydx)dxdy .

consider By Green’s theorem,

i 1 _ [ Xav—Ydx=[-Yax+ =
Consider 2J-(xdy ydx)dxdy—J‘Edy 2dx—j de+2dy

i _ Yoyl X
[since, m= 2,,N—2]
y X 1 1
From (1), I‘EdXJrEdy:.‘![E_(_EﬂdXdy

= I j dxdy=Area bounded by a closed curve ‘C’
R

41. State Stoke’s theorem.

If £ isany continuous differentiable vector function and S is a

surface enclosed by a curve C then, [Fdr = [[eur F.nds where n is the
C S

unit normal vector at any point of S.
42. If E:(yzcosx+22)_i)+ (2ysinx—4)_j)+ 3x22;,find its scalar potential.

To find gsuch that F = gradg

- - -> - - -
(y?cos x+2%) i +(2ysinx—4) j+3xz°k = i %, j%+ ko0
OX oy 0z
Integrating the equations partially w.r.to x,y,z respectively.
¢ =y’sinx+x2®+ f,(y,2)
¢=y’sinx—4y+ f,(x,z)
¢=> x>+ f5(y,z

Therefore 4= y?sinx+xz®-4y+cis a scalar potential.
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