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UNIT 4- COMPLEX INTEGRATION Residues

Problem 8  Evaluate j(zsijdzwhere C is the ellipse 4x°+9y° =9, using
C

Cauchy’s residue theorem.

Solution:
Equation of ellipse is
457+ 9_1-‘3 =9
2 2
x Ly
9/4 1
ie.. - .r'.l +%=1
)
(%)

. - T L
. Major axis is— ., Minor axis is 1.
]

. . 3 .
The ellipse meets the x axis at - and the yaxisat +1

Zsecz
1_ -

Given f(z)=

[

- (1+z){(1-z)cosz

The poles are the solutions of (1+z)(1—z)cosz =0

ie.. z=—1 z=Ilare simple poles and z =| 2n+1}§
Out of these poles z+1 lies inside the ellipse
z=% % + 3% lies outside the ellipse
. L z
Res f(z = z—-1 —
[ A ']]-'=1 z—>l" }[l+z}[1—z}cosz
B Lt -z -1
z —1(l+z)cosz " 2cosl
Res [z = zZ+1) — d -
[ A ]]2*1 zﬁ*-—lt 1+z){1-z)cosz
_ Lt 7z
z—-1(1-z)cosz
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CLITIITYTIONZ

e |
2cosl  2cosl
. Izsecz

o dz = 27i [sum of the residues |

=1 1
= 2mi —
2cosl  2cosl

= —2ri[secl].

z+4

Problem 9 Using Cauchy integral formula evaluate (i) dz . where C is

El* ZP+2z45

the circle |z +1—.ri‘ =2 (ii) ’[Ld;. C 1is the circle ‘Z| =E.
vz(z-1)(z-2) 2

Solution:

(i) Given |z+1—i|=2

|z —(=1+1i)|=2 is a circle whose centre is —1+i and radius 2.

i.e.. centre (—1.1) and radius 2
7 +2z+5=[z—(-1+2i)][z—(-1-2i]
—1+2jie. (—12)les inside the C

—1-2iie. (—1.—2)lies out side the C

z+4
o [z-(-1-20)]
_([ z—(—1+2i)
z+4

Hencef(z)=———

[2 —(-1-2i }]

Here by Cauchy integral formula
flz)

rZ—a

dz=2mifla)

z+4
I,_i:sz(—nzr:)
e Z +2Z+45

i —1+2i+4
= 27| - — .
(=1+2i)—(-1-2i)
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| §=]

| 3+20 | W .
.-'n[ " }=E[3+;z].

4—-3z
J,; Z(z-1)z-2)

0. z =1 lie inside the circle‘:| =§

-

-~

(ii)

v

z=2 lies outside the circle

4-3z A B C
e =—+——+ -
zZ(z-1)(z-2) z =z—-1 z-2

4-3z=A4(z-D(z—2)+B(z)(z-2)+C(z)}z-1)

Put z=0
4=44
A=1
Put z=1
B=-1
Put z=2
C=-—
4-3z 2 1 1
Z(z-1)(z-2) z z-1 z-2
4-3z 2 1 1
I-;-,—_l - LZ.I‘? _I’—l b_.[- 5
C—(- )z=2) c= c= cs <
flz) 2mi
[——==="1"(0)
C[:—a.] n!
=227 f(0)]-2xi f(1)-0
=4xi f(0)-27i f(1)
=41 (1) - 27 (1)
=27 (- f(0)=1f(1)=1)
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