SNS COLLEGE OF TECHNOLOGY

(An Autonomous Institution)

Coimbatore-35

23ECT202 — SIGNALS & SYSTEMS

DISCRETE FOURIER SERIES

11/17/202 23ECT202/ SS/Unit IV/Mr.J.PRABAKARAN 1
4



f Discrete Fourier Series
e Given a periodic sequence “Xn] with period N so that

X[n] = X[n + rN]

e The Fourier series repreientation can be written as

X[n] = = Z;[k]ej(zn/w)kn
N

e The Fourier series representation of continuous-time periodic
signals require infinite many complex exponentials
e Not that for discrete-time periodic signals we have
ej(Zn/N)(k+m N)n _ ej(Zn/N)knej(ann) _ ej(Zn/N)kn

e Due to the periodicity of the complex exponential we only
need N exponentials for discrete time Fourier series

N-1 nJ 3
Xin) = > Xk R
k=0
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€ Discrete Fourier Series Pair
e A periodic sequence in terms of Fourier series coefficients

N-1 ~, _
')\(’[n] _ l Zxkkj(Zn/N)(n
N k=0
e The Fourier series coefficients can be obtained via

;[k] = Nz_l ')‘(’[n]e—j(zn/N)(n

n=0

e For convenience we sometimes use

WN — e—j(21t/N)
e Analysis equation

nJ

ol 3 KW

n=0

oo 1or
X[n] = N D X[k gk
k=0
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e Synthesis equation



{ "} Example 1
e DFS of a periodic impulse train

X[n]= > 8 —rN]=

F=—00

e Since the period of the signal is N

1 n=rN
else

“k]=w . v _ _
X Z’)\(’[n]e—](Zn/N)(n _ Zg[n]e—_](ZTc/N)(n _ e—_](Zn/N)(O -1
n=0

n=0

e We can represent the signal with the DFS coefficients as

“n] = 28 n—rN|= EeJ(Z"/N)(”

r=—o0 N k=0
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Example 2

e DFS of an periodic rectangular pulse train

x|n|
H—UJ 01234356 780910 h
e The DFS coefficients . _
X[k]: e—j(2n/10]<n B 1 —elern _ —j(4nk /10) Sln(TEk/Z)
4 1 — g ier/10K sin(mk /10)
| X [k]
1012345678910 15 20 k
¥ ¥[k]
I R 2 AR 200 I
l l l i l ke
= denotes indeterminate <
—ar (magnitude = 0)
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Properties of DFS

X In —Fs K]
o el YW

2
aX,h]+bX,h] «=2= 5 aX k]+bX,[k]

e Shift of a Sequence

fh-m] T35 e m/NY]
ejZnnm/N')‘(’[n] « TS | ;Z[k _ m]

e Duality
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Symmetry Properties 5:'S

TrYT1o=

Periodic Sequence (Period N)

DES Coefficients (Period N)

l. X[n]

2. Xi|n]. X2[n]

3. aXy|n| + biz|n]

4. X|n|

5. X[n—m|

6. Wy '"x([n]
N-1

7% Z X1[m]¥2|n —m| (periodic convolution)
m=0

8. Xi|n|x%|n]

9. X*[n|

11/17/202

4

X|k] periodic with period N
Xi1[k]. X2[k] periodic with period N
a X [k] + bX; k|
Nx|—k|
WEm X K|
X[k —¢]

X1[k| X2k

N-1
l ; - _ 2 :
® Z Xi|t]Xzlk—¢] (periodic convolution)
£=0
X[—k]
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Symmetry Properties Cont’'d

Periodic Sequence ( Period N) DFS Coefficients ( Period N)
10. %*[—n] X*[k]
1. Re{x[n]] Xe[k] = 5(X[k] + X*[—k])
12, jTmix[n]) X, k] = +(X[k] — X*[—k])
13, Feln] = (X[n] + £ *[—n]) Re{ X|k])
14, %,[n] = 5(%[n] — 2*[-n]) i Tm{ X|k|}
Properties 15-17 apply only when x|n| 1s real.
( X[k] = X*|—k]
Re{ X[k]} = Re{X[—k]}
15.  Symmetry properties for X[n] real. ¢ Tm{X[k|} = —Tm{X][—k])
| X [k]| = | X[—K]]
| <GX[k] = —<IX[—K]
16. X[n] = L(&[n] + %[—n]) Re{ X|k])
17. %o[n] = 3(X[n] — X[—n]) i Tm{ X k]
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Periodic Convolution

e Take two periodic sequences o

% [h] «Fs™ [k]
] X, k]

X, [n] —Ee X5
o Let's form the product

K= K K]

e The periodic sequence with given DFS can be written as
N-1
r)\('3 [n]: Z X4 [m];l(z[n - m]
m=0

e Periodic convolution is commutative

%,pl= 3% mK.p-m]
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Periodic Convolution Cont’d

%,pl= 3% mK,p-m]

e Substitute periodic convolution into the DFS equation

[] Ni[l\lixl[m]'\’z[n m])Wkn

n=0\m=0
e Interchange summations

x, k1= NZ_l’%l[m]sz_l %[N - m]wmj

e The inner sum is the DFS of shifted sequence

N-1 ~
D %[N - mWE = WETX, [k ]
n=0

e Substituting

% kl= Ni%[m][“i %[N - m]wgnj = S S mws, k] =X kK K]
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Graphical Periodic Convolution

Xa[m]

EﬂHTHEIH“TTNTH]THH
L qur T

[ttt it

1IJTTTH!”H[HIJH]HI
I ?TIH[IMIIHMHHm

.............
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e Periodic sequences are not absolute or square summable
— Hence they don’t have a Fourier Transform

e We can represent them as sums of complex exponentials: DFS
e We can combine DFS and Fourier transform

e Fourier transform of periodic sequences
— Periodic impulse train with values proportional to DFS coefficients

~( 21~ 21k
X\e’ )= — Xl - =
e ) ;‘;N []5(03 N)

— This is periodic with 2x since DFS is periodic
e The inverse transform can be written as

_1 21— sX eJOJ}and(D B ZTC J-Zn € 27’[ N|I<:b(w B jejwndw

27'[: O-¢

ix[k]f” ( Zﬂk)emdw: L
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(2] Example
. ConS|der the periodic impulse train

BInl = >5[ - rN]

F=—00

e The DFS was calculated previously to be

Pk]=1 forallk

e Therefore the Fourier transform is

P(eJ‘”) Z — 8(@ - 2_|7\clkj
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e Consider finite length signal x[n] spanning from O to N-1
e Convolve with periodic impulse train

XIn] = x[n] * B[n] = x[n]* > 8 —rN]= > xjn - rN]

F=—00 F=—00

e The Fourier transform of the periodic sequence is

e )- (e Ble)- e )5 2o 2K

k=—o0

Lo\ &2 (J‘Z“k}( anj
Xe)= Y EXle N flo-S"
) k;oN \ L N
e This implies that

=X e 1= X(e) 1
C)T T

e DFS coefficients of a periodic signal can be thought as equally
spaced samples of the Fourier transform of one period
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Example

Ees.. g

e Consider the following

LLTTITYTINES

sequence | X (e, | X [k]l
1 0<n<4
x[n] =
0 else
. T 2 Yo .
e The Fourier transform 0 7 iz
sin(w/2) LX (eh), LX[k]

aa —

e The DFS coefficients

=z

[k]= € _j(4nk /10) sin(zk /2)
X .
sin(mk /10)
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THANK YOU
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