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LTI Systems and Impulse Response -

STVOVIUNS]

Any continuous/discrete-time LTI system is completely described by its
Impulse response through the convolution:

y[n]= > x[kJh[n—k] = x[n]*h[n]
k=—00
y(t) = j: X(M)h(t —r)dr = x(t)* h(t)
This only holds for LTI systems as follows:
Example: The discrete-time impulse response

1 n=0,1
h[n] = .
0 otherwise

Is completely described by the following LTI
y[n] = x[n]+ x[n -1]

However, the following systems also have the same impulse response
y[n] = (x[n] + x[n -1])?
y[n] = max(x[n], x[n —1])

Therefore, if the system is non-linear, it is not completely characterised by
the impulse response
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LTI System Memory

An LTI system is memoryless if its output depends only

on the input value at the same time, I.e.
y[n] = kx[n]
y(t) = kx(t)
For an impulse response, this can only be true if
h[n] = k&[n]
h(t) = k& (1)
Such systems are extremely simple and the output of
dynamic engineering, physical systems depend on:
» Preceding values of x[n-1], x[n-2], ...
« Past values of y[n-1], y[n-2], ...

for discrete-time systems, or derivative terms for
continuous-time systems
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System Invertibility

Does there exist a system with impulse response h;(t) such
that y(t)=x(t)?
X(t) w(t) y(®)

— | h(®) |—— hu(t) [—

Widely used concept for:

« control of physical systems, where the aim is to calculate
a control signal such that the system behaves as specified

 filtering out noise from communication systems, where
the aim is to recover the original signal x(t)

The aim is to calculate “inverse systems” such that
h[n]h,[n] =O[n]
h(®h,(t) =0 (1)

The resulting serial system is therefore memoryless
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Example: Accumulator System

Consider a DT LTI system with an impulse response
h[n] = u[n]
Using convolution, the response to an arbitrary input x[n]:

y[n]= > x[k]h[n—k]

k=—00

As u[n-k] = 0 for n-k<0 and 1 for n-k=0, this becomes

y[n]= 2> x[K]

K =—00

l.e. it acts as a running sum or accumulator. Therefore an
Inverse system can be expressed as:

y[n] = x[n]=x[n-1]

A first difference (differential) operator, which has an impulse
response
h,[n]=0[n]-0[n 1]

23ECT202 - SS/ Mr.J.Prabakaranr, AP/ECE




STVUYVUNS]

Remember, a causal system only depends on present and
past values of the input signal. We do not use knowledge
about future information.

For a discrete LTI system, convolution tells us that
h[n]=0 for n<0

as y[n] must not depend on x[k] for k>n, as the impulse
response must be zero before the pulse!

n

X[n]*h[n] = > x[k]h[n—k]

k=—c0

X(©*h(t) = [ xn)h(t-r)dr

Both the integrator and its inverse in the previous example
are causal

This iIs strongly related to inverse systems as we generally
require our inverse system to be causal. Ifitis not causal,
It is difficult to manufacture!
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LTI System Stability

Remember: A system is stable if every bounded input produces a
bounded output

Therefore, consider a bounded input signal
IX[n]] <B foralln
Applying convolution and taking the absolute value:

3" h[KIxIn - K]

Using the triangle inequality (magnitude of a sum of a set of numbers is
no larger than the sum of the magnitude of the numbers):

vl < YJnIkgJxdn k]|

ly[n]| =

<8 hiK]

Therefore a DT LTI system is stable if and only if its impulse response

IS absolutely summable, ie : :
Continuous-time

g;o‘h[k]‘< * system [ Inay fir <o
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Example: System Stability

SO VIUNG]

Are the DT and CT pure time shift systems stable?
h[n]=0[n-n,]
h() =o(t-1,)

o0 o0

> |h[k][= > 8Tk - ny][=1< o Therefore, both the CT and
— — DT systems are stable: all
j°° Ir) i — ro 5(—t ) =1<oo finite input signals produce a

finite output signal

Are the discrete and continuous-time integrator systems stable?
h[n] =u[n—n,]
h(t) = u(t —t,)

é‘h[k]‘ = g_:w‘“[k ~No]| = gno‘”[k” = Therefore, both the CT and
DT systems are unstable: at
[“Ihmyar=[ “dr-t)dr =] “unpr=e least one finite input causes
° an infinite output signal
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A general Nth-Norder LTI difhfﬁerence equation is
> ay[n-kl=> bx[n-k]
k=0 k=0

If the equation involves difference operators on y[n] (N>0) or
X[n], it has memory.

The system stability depends on the coefficients a,. For
example, a 1st order LTI difference equation with a,=1.

y[n]-a;y[n-1]=0 y[n] = Aa;

If a,>1, the system is unstable as its impulse response
represents a growing power function of time

If a; <1 the system is stable as its impulse response
corresponds to a decaying power function of time
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