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Discrete Fourier Series

—F

e Given a periodic sequence X[n] with period N so that

X[n] = X[n + rN]

e The Fourier series representation can be written as
X[n] = %Zr)\(’[k]ej(Zn/N)kn
k

e The Fourier series representation of continuous-time periodic
signals require infinite many complex exponentials

e Not that for discrete-time periodic signals we have
ej(2n/N)(k+m Nn _ ej(Zn/N)knej(an n _ ej(Zn/N)kn

e Due to the periodicity of the complex exponential we only
need N exponentials for discrete time Fourier series

X[n] == X[kJeter/Mke
N o
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€ Discrete Fourier Series Pair
e A periodic sequence in terms of Fourier series coefficients

~ 1 o ;
X[n] _ = Z X[k]e](Zn/N)kn
N (=

e The Fourier series coefficients can be obtained via

Xlk] =3 Sinje 12=/xr

n=0

e For convenience we sometimes use

W, = e—j(Zn/N)
e Analysis equation

~ N-1
Xk] =" X[nIwy"
n=0
e Synthesis equation

~ 1 N1~ .
X[N] = N > X[k Wk
k=0
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Example 1

e DFS of a periodic impulse train

X[n] = i 8ln —rN] ={(1) neTsreN

F=—00

e Since the period of the signal is N

’)\(,[k] _ Nz_i’)‘(’[n]e—j(Zn/N)kn _ NZ_iS[n]e—j(Zn/N)kn _ g-i@r/NKko _ 4
n=0

n=0

e We can represent the signal with the DFS coefficients as

o0

X[n]= > 8[n-rN]= % Ni i@n/Nn
k=0

F=—00
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Example 2

e DFS of an periodic rectangular pulse train

x|n|

S s o o e T
—10 01 2345678910 h

e The DFS coefficients " ) _
%[k] _ ie_j(zn/lo)kn _ 1 — e—J( n/10)K5 _j(4nk /10) S|n(ﬂ:k / 2)
—ra 1-e

. = e
1810 sin(rk /10)
| X [k]

*3

-10123456782910 15 20 k
X X k]
E -
I R 2 AR 200 I
[} [ ¢ Lo
= denotes indeterminate <
— (magnitude = 0)
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€3 Properties of DFS
e Linearity
%h] 5 X, k]
L I e X, K]
aX,[n]+bX,[n] «2= aX [k]+bX,[k]
e Shift of a Sequence
X|[n] «—2= X[k]
f)\('[n_m] ¢ DFS e—janm/N%[k]
ejZnnm/N’)‘(’[n] ¢ DFS | %[k—m]
e Duality
X[n] <25  X[K]
Xn] <= NX[-K]
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Symmetry Properties

Periodic Sequence (Period N) DFS Coefficients (Period N)
l. X[n| X|k| periodic with period N
2. 11[n). 22[n] X1[k]. X2[k| periodic with period N
3. ai|[n] + biz[n| a X\ [k] + bX;|k]
4. Xln| N[ —k]
5. i[n—m| WEm X (]
6. Wy'"%[n] Xlk—r]
N—1
7. Z %i[m|i2[n —m| (periodic convolution)  Xi[k]X2[K]
m=i
| —
8. X |n|%|n| ~ Z X1[1) X2k —¢] (periodic convolution)
£=0
9. i*[n] X*|—k]
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Symmetry Properties Cont’d

Periodic Sequence ( Period N)

DFS Coefficients ( Period N)

—
[}
i

14.

Properties 15-17 apply only when x|n| is real.

i —n|

Re{x[n])

JjIm{x|n|}

Ye[n] = 3(x[n]+ % *[—n])

%ln] = $(x[n] - %*[~n])

X*[k)

X.[k] = S(X[K] + X*[—k])
X,[k] = $(X[k] — X*[—k])
Re{ X [k]}

jTm{ X [k])

X[k| = X*[—k]
Re{X[k]} = Re(X[—K])

15.  Symmetry properties for X[n] real. { Tm{X[k]} = —Tm{X|[—k]}
| X[K]l = | X[~
| <IX[k] = —<IX[-k]
16. X[n] = L(&[n] + %[—n]) Re{ X [k])
17. %o[n] = 3(X[n] — X[—n]) i Tm{ X k]
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Periodic Convolution

e Take two periodic sequences
’)‘(’1[”] DFS
')\(Jz[n] DFS
e Let's form the product

%3 [k] = '>‘('1 [k]SZz [k]
e The periodic sequence with given DFS can be written as
N-1
X3 [n] - Z X [m]’)\(lz [n - m]
m=0

e Periodic convolution is commutative

3\(]3 [n] - :gr)\(lz [m]’>\(11 [n - m]

X2 X

[k
%

]
]

AN AN\
A\ 4 A4

2
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Periodic Convolution Cont’'d

3\(]3 [n] - 2%1 [m]'%z [n - m]

Substitute periodic convolution into the DFS equation

X;lk] = NZI(NZI’XZ[m]“x’Z [ - m]jvak”

n=0 \ m=0

Interchange summations

Xs[k] = Ni%[m](% %[n - m]ka“j

e The inner sum is the DFS of shifted sequence

N-1 ~
> %[N - MW" = W™, K]
n=0

Substituting
~ N-1
¥l - 5% m]
m=0

N-1
= n=0

i mwj = S e, ] =X, kIR ]
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e Periodic sequences are not absolute or square summable
- Hence they don’t have a Fourier Transform

e We can represent them as sums of complex exponentials: DFS
e We can combine DFS and Fourier transform

e Fourier transform of periodic sequences
— Periodic impulse train with values proportional to DFS coefficients

ler) = 32 3 Kk o - 2]

k—oo

— This is periodic with 2n since DFS is periodic
e The inverse transform can be written as

1 con- SX(eJkamnd(D _ 2n-e Z r)\(l[k]éS(Q) — %jejmndﬁ)
k=—00

27 Jo-

1 & 1 27K\ jon IR
NkZX[k]jog 8(0)—%}61 do = Z []e
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Example
e Consider the periodic impulse train

o0

p[nl= > &n-rN]

Fr=—0

e The DFS was calculated previously to be

Pk]=1 forallk

e Therefore the Fourier transform is

E(ej“) — i % 6(&) — %)

K——o
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e Consider finite length signal x[n] spanning from 0 to N-1
e Convolve with periodic impulse train

X[n] = x[n] * BIn] = x[n]* 3 8 —rN] = > x[n - rN]

F=—00 F=—00

e The Fourier transform of the periodic sequence is

o) e Blo) - e .2 2

k=-—00

X(e™) = kzmzl\f x( “]5[@ _ %j

e This implies that

r)\(l[k] = X(ejz'gkj = X(ejm)(D 21k

N

e DFS coefficients of a periodic signal can be thought as equally
spaced samples of the Fourier transform of one period
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Ees.. g

e Consider the following

sequence

1 0<n<4
X[n] = {

0 else

e The Fourier transform

20 SiN(Bw / 2)
Sin(co/Z)

X(ej“’) —e

e The DFS coefficients

) sin(nk /2)
sin(nk /10)

%[k] _ -ilank/10
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