INTRODUCTION
SLOPE OF A BEAM:

v dope at any section in adeflected beam is defined as the angle in radians which the tangent at
the section makes with the original axis of the beam.

v’ dope of that deflection is the angle between the initial position and the deflected position.

DEFLECTION OF A BEAM:
v The deflection at any point on the axis of the beam is the distance between its position before
and after loading.
v" When a structural is loaded may it be Beam or Slab, due the effect of loads acting
upon it bends from its initial position that is before the load was applied. It means
the beam is deflected from its original position it is called as Deflection.
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BASIC DIFFERENTIAL EQUATION:
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Consider abeam AB which isinitialy straight and horizontal when unloaded. If under
the actionof loads the beam deflect to a position A'B' under load or infact we say that
the axis of the beam bends to a shape A'B'. It is customary to call A'B' the curved axis
of the beam as the elastic line or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the
bending moment M varies along the length of the beam and we represent the
variation of bending moment in B.M diagram. Futher, it is assumed that the simple
bending theory equation holdsgood.
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If we look at the elastic line or the deflection curve, this is obvious that the curvature
a every point is different; hence the slope is different at different points.

To express the deflected shape of the beam in rectangular co-ordinates let us take two
axes x andy, x-axis coincide with the original straight axis of the beam and they — axis
shows the deflection.

Further, let us consider an element ds of the deflected beam. At the ends of this
element let us construct the norma which intersect at point O denoting the angle
between these two normal be di.

But for the deflected shape of the beam the slope i at any point C is defined,

tani=':|—3'r w1 ar i=d—3'f Assuming tani =i
dx dx

Futher

ds=Rdi

hiowewer,

ds = dx [usually for smallcury ature]
Hence

ds = dx = Rdi

di _ 1

d R
substitutingthewvalueofi, one get
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Fromthe simplebendingtheary
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sathe basic differentiale guation governingthe deflectionofbeamsis
d¥y
M=El
b

Thisisthe differential equation of the elastic line for a beam subjected to bending in the
plane of symmetry.



Relationship

A cy B Deflection =y
T dy
] Slope = EX—
d’y
S Cy_ ... B Bending moment = El(—’;:;
AP 7
Shearing force = EIE);
d'y
Rate of loading = EIE

METHODSFOR FINDING THE SLOPE AND DEFLECTION OF BEAMS:

Double integration method
Moment area method
Macaulay’s method
Conjugate beam method
Strain energy method
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DOUBLE INTEGRATION METHOD:
v The double integration method is a powerful tool in solving deflection and slope of a beam at

any point because we will be able to get the equation of the elastic curve.
v" This method entails obtaining the deflection of a beam by integrating the differential equation
of the elastic curve of abeam twice and using boundary conditions to determine the constants

of integration.
v Thefirst integration yields the slope, and the second integration gives the deflection.



CONJUGATE BEAM:

v Conjugate beam is defined as the imaginary beam with the same dimensions (length) as that
of the original beam but load at any point on the conjugate beam is equal to the bending
moment atthat point divided by EI.

v Slope on real beam = Shear on conjugate beam

v Deflection on real beam = Moment on conjugate beam

PROPERTIES OF CONJUGATE BEAM:

v
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The length of a conjugate beam is always equal to the length of the actual beam.

The load on the conjugate beam isthe M/EI diagram of the loads on the actual beam.

A simple support for the real beam remains simple support for the conjugate beam.

A fixed end for the real beam becomes free end for the conjugate beam.

The point of zero shear for the conjugate beam corresponds to a point of zero slope for
the real beam.

The point of maximum moment for the conjugate beam corresponds to a point of
maximum deflection for the real beam.

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
POINT LOAD:
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PROBLEMS:

1.A beam 6 m long, smply supported at its ends, iscarrying a point load of 50 KN at its centre.
The moment of inertia of the beam is 78 x 10° mm*. If E for the material of the beam = 2.1 X
10° N/mm?. calculate deflection at the centre of the beam and slope at the supports.

GIVEN DATA:

L =6m

W =50KN=50X 10N

| =78X 10 mm*

E =21X10°N/mm?

SOLUTION:

1. DEFLECTION AT THE CENTRE OF THE BEAM,

ye=WL3/ 48 El
= 50000 X 6000°/ (48 X 2.1 X 10° X 78 X 10°)
=13.736 mm.

2. SLOPE AT THE SUPPORTS,
7



Or=6p=-WL?/ 16 El
= 50000 X 6000%/ (16 X 2.1 X 10° X 78 X 10°)
= 0.06868 radians.

2. A beam carries 4 m long simply supported at its ends, carries a point load W at its centre. If
the slope at the ends of the beam is not to exceed 1° , find the deflection at the centre of the
beam.

GIVEN DATA:
L =4m
Oa =6 =1°=1° X (n/180) = 0.01745 radians.
SOLUTION:
1. DEFLECTION AT THE CENTRE OF THE BEAM,
Oa=0g=-WL?/ 16 El
0.01745=WL?/ 16 El
ye=WL3/ 48 El
=WL2/ 16 El X (L/3)
= 0.01745 X (4000/3)
= 23.26 mm.

3. A beam 3 m long, simply supported at its ends, is carrying a point load W at the centre. If
the slope at the ends of the beam should not exceed 1° , find the deflection at the centre of the
beam.

GIVEN DATA:
L =3m
Oa =06 =1°=1 X (7 /180) = 0.01745 radians.
SOLUTION:
1.DEFLECTION AT THE CENTRE OF THE BEAM,
Or=06g=-WL?/ 16 El
0.01745=WL?/ 16 El
ye=WL3/ 48 El

=WL2/ 16 El X (L/3)

=0.01745 X (3000/3)

=17.45 mm.



SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY
DISTRIBUTED LOAD:

v' A simply supported beam AB of length L and carrying a uniformly distributed load of w per
unit length over the entire length is shown in fig.

v' Thereactionsat A and B will be equal.
v" Also, the maximum deflection will be at the centre of the beam.

v Each vertical reaction = (w X L)/2
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Double integration method

( Simple supported )
g Slope Deflection
L/2 L/2 dy
A C B Slope = - Deflection =y,
S -
‘\‘h_'&”’ WLZ 7 WL*
=0 = i
A 16E] 48 El
\_ - J
@ Uniform distributed load b
- Slope Deflection
X : w/Unit length n
A [ C B S[ope d—y Deflection = y,
.( o R [ P s dx 3
< f A 24El
\_ L J

4. A beam of uniform rectangular section 200 mm wide and 300 mm deep is ssmply supported
at itsends. It carriesa uniformly distributed load of 9 KN/m run over the entire span of 5 m. if
the value of E for the beam material is 1 X 10* N/mm?, find the slope at the supports and

maximum deflection.
GIVEN DATA:
L =5m =5X10*mm
w =9 KN/m=9000 N/m
E =1X10*N/mm?
b =200 mm
d =300mm
SOLUTION:
1. SLOPE AT THE SUPPORTS,
Oa= -WL?/ 24 El
45000 X 50007

24X 1 X 10* X 45X 108

= 0.0104 radians.
11

W =w.L =9000 X 5=45000 N
| = bd®/12 =200 X 300%/ 12

=45X 108 mm*



2. MAXIMUM DEFLECTION,
y= 5wWL3
384 EI
5 X 45000 X 5000°
384X 1X 10*X 45X 108

= 16.27 mm.

5. A beam of length 5 m and of uniform rectangular section is simply supported at its ends. It
carries a uniformly distributed load of 9 KN/m run over the entire length. Calculate the width
and depth of the beam if permissible bending stressis 7 N/mm? and central deflection is not to

exceed 1 cm.

GIVEN DATA:
L =5m=5X10°mm, w =9KN/m=9000N/m
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SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH AN
ECCENTRIC POINT LOAD

» SLOPE AT THE LEFT SUPPORT,

» MAXIMUM DEFLECTION,




» DEFLECTION UNDER THE POINT LOAD,

6. Determine slope at the left support, deflection under the load and maximum deflection of a
simply supported beam of length 5 m, which is carrying a point load of 5 KN at a distance of 3
m from theleft end. Take E =2 X 10° N/mm?and | = 1 X 108 mm?*.

GIVEN DATA:

L =5m=5X10°mm
W =5KN=5X10°N
| =1X108 mm*

E =2X10°N/mm?

a =3m
b =L-a=5-3=2m=2X 10°mm
SOLUTION:

1. SLOPEAT THE LEFT SUPPORT,

= 0.00035 radians.
2. DEFLECTION UNDER THE POINT LOAD,

= 0.6 mm.

3. MAXIMUM DEFLECTION,



=0.6173 mm.
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MOMENT AREA METHOD:
v" MOHR’S THEOREM - I:

The change of slope between any two points is equal to the net area of the B.M. diagram between
these points divided by El.

v"  MOHR’S THEOREM - |1:

The total deflection between any two points is equal to the moment of the area of B.M. diagram
between the two points about the last point divided by EI.

MOHR’S THEOREMS IS USED FOR FOLLOWING CASES:
v Problems on Cantilevers
v' Simply supported beams carrying symmetrical loading

v" Fixed beams

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
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SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY
DISTRIBUTED LOAD:

CONJUGATE BEAM METHOD:
» CONJUGATE BEAM:

v" Conjugate beam is an imaginary beam of length equal to that of the origina beam but for
which the load diagram is the M/EI diagram.

= NOTE1:

v" The slope at any section of the given beam is equal to the shear force at the corresponding
section of the conjugate beam.

= NOTE2:

v" The deflection at any section for the given beam is equal to the bending moment at the
corresponding section of the conjugate beam.

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
POINT LOAD:

v' A simply supported beam AB of length L carrying apoint load W at the centre C.
v TheB.M at A and B is zero and at the centre B.M will be WL/4.

v" Now the conjugate beam AB can be constructed.
19



v Theload on the conjugate beam will be obtained by dividing the B.M at that point by EI.
v The shape of the loading on the conjugate beam will be same as of B.M diagram.

v" The ordinate of loading on conjugate beam will be equal to M/EI = WL/4EI.

20
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PROBLEMS:

1.A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If | = 108 mm?*
and E = 2.1 X 10° N/mm?, find the Sope and deflection at the free end.

GIVEN DATA:

L =3 m=3000 mm

W =25KN =25000 N

| = 108 mm*

E=2.1X 10° N/mm?

SOLUTION:

1. SLOPE AT THE FREE END,

©s= WL?/2El= 25000 X 30007

2X21X10°X 108
= 0.005357 radians.

2. DEFLECTION AT THE FREE END,

yg= W L¥ 3El= 25000 X 3000°
3X21X10°X 108
=10.71 mm
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2. A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the
fixed end. If | =108 mm*and E = 2 X 10° N/mm?, find the slope and deflection at the free end.

GIVEN DATA:
L =3 m=3000 mm
W =50 KN =50000 N
| =10® mm*
E =2 X 10° N/mm?
SOLUTION:
1. SLOPE AT THE FREE END,
O = W&/ 2El
50000 X 2000
2x2X 10°x 108

= 0.005 radians
2. DEFLECTION AT THE FREE END,
ys= Wa /3El +Wa2El(L-a)
= 50000 X 2000° + 50000 X 2000® (3000 - 2000)
3X2X10°X 108 3X2X10°X 108
=6.67+5

=11.67 mm.
CANTILEVER BEAM WITH A UDL:

» A cantilever beam AB of length L fixed at the point A and free at the point B and carrying a
UDL of w per unit length over the whole length.

» Consider asection X, at adistance x from the fixed end A.
» The bending moment at this section is given by,
Mx=-w(L-x)(L-x)

2
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PROBLEMS:

3. A cantilever of length 25 m carries a uniformly distributed load of 16.4 KN per metre
length. If | =7.95 X 10’ mm* and E = 2 X 10° N/mm?, deter mine the deflection at the free end.

GIVEN DATA:
L =2.5m= 2500 mm
w=16.4KN/m W=w XL =16.4X 25=41000 N
| =7.95X 10" mm*
E =2 X 10° N/mm?
SOLUTION:

1. DEFLECTION AT THE FREE END,

ye =WL¥8EI = 41000 X 2500°
8X 2X 10°X 7.95 X 10’

=5.036 mm.

4. A cantilever of length 3 m carries a uniformly distributed load over the entire length. If the

deflection at the free end is40 mm, find the slope at the free end.
28



GIVEN DATA:
L =3 m=3000 mm

ys =40 mm
SOLUTION:
1. SLOPE AT THE FREE END,
ys = WL%/8El
40= WL? XL = WL? X 3000
8 El 8 El
WL2 = 40X 8
El 3000
Slope at the free end,
Os = WL2/6El =WL2/El X (1/6)
= 40 X 8 X (1/6)
3000
=0.01777 rad.

5. A cantilever 120 mm wide and 200 mm deep is2.5 m long. What isthe uniformly distributed
load which the beam can carry in order to produce a deflection of 5 mm at the free end? Take
E = 200 GN/m?,

GIVEN DATA:

L =2.5m= 2500 mm

E =200 GN/m? =2 X 10° N/mm?

b =120 mm | =bd¥12 =120 X 200%/ 12
d =200 mm =8 X 10" mm*
yB =5mm

SOLUTION:

1. UDL,
W=wXL=25Xw=25wN.
y =WL¥S8EI
5= 25wX 2500°

8X2X10°X 8 X 10/

29
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QUESTION BANK:
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1.

o v M~ »

~

What are the methods used for determining slope and deflection?

What is the slope and deflection equation for ssmply supported beam carrying
UDL through out the length?

What is a Macaulay’s method?
What is moment area method?
Define : Conjugate beam.

Find the slope and deflection of a ssmply supported beam carrying a point |oad
at the centre using moment area method.

Distinguish between actual beam and conjugate beam.

A beam 4m long, smply supported at its ends, carries a point load W at its
centre. If the slope at the ends of the beam is not to exceed 1° find the
deflection at the centre of the beam.

A cantilever of length 2 m carries a point load of 30 KN at the free end and
another load of 30 KN at its centre. If EI = 1013 N.mm2 for the cantilever then
determine slope and deflection at the free end by moment area method.

10.Determine slope at the left support, deflection under the load and maximum

deflection of a simply supported beam of length 10 m, which is carrying a point
load of 10 kN at a distance of 6 m from the left end. Take E = 2 x 105 N/mm2
and | =1 x 108 mm4.

11.A cantilever of length 3 mis carrying a point load of 25 KN at the free end. If |

=108 mm4 and E = 2.1 X 105 N/mmz2, then determine slope and deflection of
the cantilever using conjugate beam method.

12.A simply supported beam of length 5 m carries a point load of 5 kKN at a

distance of 3m from the left end. If E = 2 x 105 N/mm2 and | = 108 mmd4,
determine the dope at the left support and deflection under the point load using
conjugate beam method.



